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Abstract
For fixed p and q, an edge-coloring of the complete graph Kn is said to be
a (p, q)-coloring if every Kp receives at least q distinct colors. The function
f(n, p, q) is the minimum number of colors needed for Kn to have a (p, q)-
coloring. This function was introduced about 45 years ago, but was studied
systematically by Erdős and Gyárfás in 1997, and is now known as the Erdős-
Gyárfás function. In this paper, we study f(n, p, q) with respect to Gallai-
colorings, where a Gallai-coloring is an edge-coloring of Kn without rainbow
triangles. Combining the two concepts, we consider the function g(n, p, q) that
is the minimum number of colors needed for a Gallai-(p, q)-coloring of Kn.
Using the anti-Ramsey number for K3, we have that g(n, p, q) is nontrivial
only for 2 ≤ q ≤ p − 1. We give a general lower bound for this function and
we study how this function falls off from being equal to n− 1 when q = p− 1
and p ≥ 4 to being O(log n) when q = 2. In particular, for appropriate p
and n, we prove that g = n − c when q = p − c and c ∈ {1, 2}, g is at most
a fractional power of n when q = ⌊√p− 1⌋, and g is logarithmic in n when
2 ≤ q ≤ ⌊log
2
(p− 1)⌋+ 1.
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1 Introduction




. An edge-coloring of the complete graph
Kn is said to be a (p, q)-coloring if every Kp receives at least q distinct colors. The function
f(n, p, q) is defined to be the minimum number of colors that are needed for Kn to have a
(p, q)-coloring. This function was first introduced by Erdős and Shelah [9, 10], but Erdős and
Gyárfás [11] were the first to study it in depth; it is now known as the Erdős-Gyárfás function.
This function generalizes the multicolored Ramsey number, since determining f(n, p, 2) is
equivalent to determining the Ramsey number of Kp.
The exact value of the Erdős-Gyárfás function is very difficult to determine, even for some
small values of p and q. For example, the best known lower bound for f(n, 4, 3) is O(log n)




[16], while the best until now upper bound is eO(
√
logn) [23]. There is clearly a large gap
between the lower and upper bound. On the other hand, some special cases of this function
are closely related to other interesting problems. For example, f(n, 9, 34) relates to a Turán
type hypergraph problem posed by Brown, Erdős and Sós [4, 11], f(n, 5, 9) relates to sets
containing no 3-term arithmetic progression [1], and f(n, 3, 3) and f(n, 5, 9) relate to some
problems on properly colored complete graphs [11, 24]. For more information on this function,
we refer to [2, 6, 7, 25, 26] and Section 3.5.1 of [8].
A graph with an edge-coloring is called rainbow if all its edges are colored differently. A
Gallai-k-coloring is a k-edge-coloring of a complete graph Kn without rainbow triangles (that
is, every triangle receives at most two colors). In this paper, we investigate the Erdős-Gyárfás
function within the framework of Gallai-colorings. A Gallai-coloring of the complete graph
Kn is said to be a Gallai-(p, q)-coloring if every Kp receives at least q distinct colors. We
define g(n, p, q) to be the minimum number of colors that are needed for Kn to have a Gallai-
(p, q)-coloring. Clearly, we have f(n, p, q) ≤ g(n, p, q) if both functions are defined for these
values of n, p and q.





let gkq (p) be the smallest positive integer n such that every Gallai-k-coloring of Kn contains
a copy of Kp receiving at most q distinct colors. Restated, g
k
q (p) − 1 is the largest positive
integer n such that there is a Gallai-k-coloring of Kn in which every Kp receives at least q+1
distinct colors, i.e., such that g(n, p, q + 1) ≤ k. Throughout the remainder of the paper, we
concentrate on the function gkq (p) and derive upper and lower bounds and some exact values
for this function. We reflect on what these results on gkq (p) imply for the function g(n, p, q) in
Section 8. It is worth noting that Erdős introduced an analogue of the function gkq (p) when
he posed the problem on f(n, p, q) in his original paper [9].
We first point out that gkq (p) is nontrivial only for 1 ≤ q ≤ p− 2 (equivalently, g(n, p, q) is
nontrivial only for 2 ≤ q ≤ p − 1). When q ≥ p− 1, we can deduce gkq (p) using the following
anti-Ramsey result.
Theorem 1.1. ([14, 20]) At most p− 1 colors can be used in any Gallai-coloring of Kp.
Corollary 1.2. For integers k ≥ 1, p ≥ 3 and q ≥ p− 1, there is no Gallai-k-coloring of Kn
in which every Kp receives at least q + 1 distinct colors. Thus g
k
q (p) = p for q ≥ p− 1.
Moreover, if k < q, then it is obvious that gkq (p) = p. In the sequel, we will always assume
that k ≥ q and 1 ≤ q ≤ p − 2 when we consider gkq (p). It is easy to verify the following
inequalities:
gkq (p) ≤ gk+1q (p), gkq+1(p) ≤ gkq (p), and gk+1q+1 (p) ≤ gkq (p).
In [15], Fox, Grinshpun and Pach proved the following asymptotic result. Note that for
k = 3 and q = 2, this result is a special case of the multicolor generalization of the well-known
Erdős-Hajnal conjecture.
Theorem 1.3. ([15]) Let k and q be fixed positive integers with q ≤ k. Every Gallai-k-coloring





2 n) which uses at most q colors, where ck,q is
only depending on k and q. Moreover, this bound is tight apart from the constant factor.
It is worth noticing that the problem studied by Fox, Grinshpun and Pach is to find the
largest subgraph Kp using at most q colors in every Gallai-k-coloring of Kn, for fixed k and q,
2
when n is sufficiently large. But in this paper, we mainly focus on the problem to determine
the smallest n such that there is a Kp using at most q colors in every Gallai-k-coloring of Kn,
for fixed p and q, when k ∈ [1,+∞) (or k → ∞). Therefore, the above theorem cannot give
us much support, since it requires that n is sufficiently large, in fact,




But we can prove an upper bound of 2
2k(p−2)
q




+1 ≥ n0, then k = o(p), which implies that for fixed p and q, only o(p) gkq (p)’s can be
bounded using the above theorem.





We postpone all proofs of our results to later sections. Note that Theorem 1.4 implies that
g(n, p, q) > q−12(p−2)(log2 n− 1), where p ≥ 3, 2 ≤ q ≤ p − 1 and n ≥ 22p−3. In [11], Erdős and
Gyárfás obtained an upper bound for f(n, p, q) using the Local Lemma. However, it seems
difficult to determine a nontrivial general upper bound for g(n, p, q) (or, equivalently, lower
bound for gkq (p)). Although we can prove some nontrivial results (see, for example Proposition
1.5 below) using the Local Lemma, it cannot help us much in determining an upper bound
for g(n, p, q). A graph with an edge-coloring is called q-colored if its edges are colored with at
most q distinct colors.





, 2q + 1
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When q = 1, gk1 (p) is the smallest positive integer n such that every Gallai-k-coloring of
Kn contains a monochromatic copy of Kp. Fox, Grinshpun and Pach [15] posed the following
conjecture, which was verified independently by Chung and Graham [5] and Gyárfás et al.
[19] for p = 3, and by Liu et al. [22] for p = 4, using the language of Gallai-Ramsey numbers.
Conjecture 1.6. ([15]) For integers k ≥ 3 and p ≥ 3,
gk1 (p) =
{
(R2(Kp)− 1)k/2 + 1, if k is even,
(p − 1) · (R2(Kp)− 1)(k−1)/2 + 1, if k is odd,
where R2(Kp) is the 2-colored Ramsey number for Kp.
We can slightly improve Theorem 1.4 for q = 1 by proving the following upper bound on
gk1 (p).
3
Proposition 1.7. For integers k ≥ 3 and p ≥ 5, we have gk1 (p) < 22k(p−2)−3.
When q = p−2, we can prove the following result, thereby improving some results obtained
in [3].
Theorem 1.8. For integers p ≥ 4 and k ≥ p− 2, we have gkp−2(p) = k + 2.
The above result is equivalent to g(n, p, p− 1) = n− 1, where n ≥ p ≥ 4. Using Theorem









−1, we have gk⌊√p−1⌋−1(p) ≥ k
2+2k+2.






. When q = p − 3, we can prove the following result, which is equivalent to
g(n, p, p − 2) = n− 2 for n ≥ p ≥ 8.
Theorem 1.10. For integers p ≥ 8 and k ≥ p− 3, we have gkp−3(p) = k + 3.
Furthermore, we can determine the exact value of gk2 (5). Using this result, we can show
that gkq (p) is exponential in k for all 1 ≤ q ≤ ⌊log2(p − 1)⌋.
Theorem 1.11. For integers k ≥ 2, we have gk2 (5) = 2k + 1.
Theorem 1.12. For integers p ≥ 5 and k ≥ ⌊log2(p− 1)⌋, we have gk⌊log2(p−1)⌋(p) ≥ 2
k + 1.
Note that Theorem 1.11 is equivalent to g(n, 5, 3) = ⌈log2 n⌉, where n ≥ 5. Theorem 1.12
implies that g(n, p, ⌊log2(p− 1)⌋+ 1) ≤ ⌈log2 n⌉, where p ≥ 5 and n ≥ 2(p − 1).
Finally, motivated by the problem introduced by Erdős, Hajnal and Rado [12] to find the
minimum integer n such that for any k-coloring of Kn there is a (k−1)-colored Km, we studied
gkk−1(p) for k ≤ p − 1. If p is sufficiently larger than k, then gkk−1(p) = Ω((p/ logc2 p)k/(k−2))
by Theorem 1.3. So we will focus on the case k/p → 1. By Theorems 1.8 and 1.10, we have
gkk−1(p) = p + 1 for k ∈ {p − 1, p − 2} and large enough p. A natural question is whether
gkk−1(p) = p + 1 for k = p − c, where c is a constant and p is large enough. The following
theorem answers this question.
Theorem 1.13. For integers c, p and k with c ≥ 1, p ≥ 2(8 + c)c+1 − 1 and k = p − c, we
have gkk−1(p) = p+ 1.
The remainder of this paper is organized as follows. In the next section, we provide some
useful results and additional terminology. In Section 3, we prove Theorem 1.4 and Propositions
1.5 and 1.7. In Section 4, we give our proof of Theorem 1.8, and we prove Theorem 1.9 in
a more general form. In Section 5, we present our proof of Theorem 1.10. In Section 6, we
prove Theorems 1.11 and 1.12. Section 7 is devoted to our proof of Theorem 1.13. Finally,
we will conclude the paper with some reflections on what our results for gkq (p) imply for the
function g(n, p, q) in Section 8. There we also present a conjecture and some open problems.
For refereeing purposes only, we added our proofs that g43(6) = 8 and g
5
3(6) = 10 in Appendix
A and B, respectively. We suggest to omit these proofs in the final version.
4
2 Preliminaries
We begin with some terminology and notation. Given a graph G, let c : E(G) → [k] be a
k-edge-coloring of G, where [k] := {1, 2, . . . , k}. For an edge e ∈ E(G), let c(e) be the color
used on edge e. For nonempty subsets U , V ⊂ V (G) with U ∩ V = ∅, let E(U, V ) = {uv ∈
E(G) : u ∈ U, v ∈ V } and C(U, V ) = {c(e) : e ∈ E(U, V )}. If |C(U, V )| = 1, then we use
c(U, V ) to denote the unique color in C(U, V ). The subgraph of G induced by U is denoted
by G[U ], and G−U is shorthand for G[V (G) \U ]. If U consists of a single vertex u, then we
simply write E({u}, V ), C({u}, V ), c({u}, V ) and G − {u} as E(u, V ), C(u, V ), c(u, V ) and
G−u, respectively. Let C(G), C(G[U ]) and C(G−U) denote the set of colors used on E(G),
E(G[U ]) and E(G−U), respectively. We also use the abbreviation C(U) for C(G[U ]). For a
color i, the subgraph induced by color i is the subgraph that contains all the edges with color
i and the vertices that are incident with at least one edge of color i.
The following structural result on Gallai-colorings was first obtained by Gallai [17], using
the terminology of transitive orientations, and restated by Gyárfás and Simonyi [20] in the
language of graph theory.
Theorem 2.1. ([17, 20]) In any Gallai-coloring of a complete graph, the vertex set can be
partitioned into at least two nonempty parts such that there is only one color on the edges
between every pair of parts, and there are at most two colors between the parts in total.
We call a vertex partition as given by Theorem 2.1 a Gallai partition. Since every 2-edge-
coloring of Kn contains a connected monochromatic spanning subgraph, we have the following
corollary.
Corollary 2.2. In any Gallai-coloring of a complete graph, there is a connected monochro-
matic spanning subgraph.
We shall also use the following simple result in our proofs.
Lemma 2.3. Let G be a Gallai-coloring of a complete graph, V ⊂ V (G) and v ∈ V (G) \ V .
Then there is at most one color on the edges between v and V that is not used on any edge
within V (that is, |C(v, V ) \ C(V )| ≤ 1).
Proof. Suppose that c(vu) = 1, c(vw) = 2 and 1, 2 /∈ C(V ), where u,w ∈ V . Then we may
further assume that c(uw) = 3. Now {u, v, w} forms a rainbow triangle, a contradiction.
Finally, we introduce the Lovász Local Lemma. Let (Ω,F ,Pr) be a probability space and
let A1, A2, . . . , An be events. A graph D with V (D) = {v1, v2, . . . , vn} is called a dependency
graph for events A1, A2, . . . An if for every i, the event Ai is mutually independent of all Aj
with vivj /∈ E(D) and i 6= j, i.e., Ai is independent of any Boolean function of the events
in {Aj : vivj /∈ E(D), i 6= j}. We shall use the following form of the Local Lemma due to
Spencer.
Lemma 2.4. (Lovász Local Lemma [13, 27]) Let A1, A2, . . . , An be events in a probability
space (Ω,F ,Pr) with dependency graph D. If there exist positive real numbers y1, y2, . . . , yn
such that for each i, yiPr(Ai) < 1 and ln yi >
∑
vivj∈E(D) yjPr(Aj), then Pr(∧ni=1Ai) > 0.
5
3 General upper and lower bounds
Before proving Theorem 1.4, we first prove two lemmas. For an edge-colored Kn, a vertex
v ∈ V (Kn) and a color i, let di(v) be the number of edges in color i incident with v.
Lemma 3.1. If an edge-coloring of Kn with n ≥ 4 satisfies di(v) ≤ n4 for each v ∈ V (Kn)
and each color i, then there exists a rainbow copy of K3.










non-rainbow K3’s with two edges





















2 (using 0 ≤ di(v) ≤ n4 ,
∑
i di(v) = n− 1, and noting that the function f(x) =
x(x−1)
2 is convex with f(x) ≥ f(1) = 0
for any x ≥ 1).






. Let I = {I ⊆ [k] : 1 ≤ |I| ≤
q} = {I1, I2, . . . , Itq}. Then we define gkq (p1, p2, . . . , ptq ) to be the smallest positive integer n
such that every Gallai-k-coloring of Kn contains a copy of Kpi all edges of which have colors
from one set Ii for some i.
Lemma 3.2. We have















j = pj − 1 if i ∈ Ij , and p
(i)
j = pj otherwise.










. By Lemma 3.1, for every Gallai-coloring
of Kn, there exists a vertex v and a color ℓ with dℓ(v) >
n
4 . Let Nℓ(v) = {u : c(uv) = ℓ}.










. In this case there is a copy of Kpi all edges of which
have colors from one set Ii for some i. This proves the statement of the lemma.
Now we have all ingredients to present our proofs of Theorem 1.4 and Proposition 1.7.
Proof of Theorem 1.4. Note that gkq (p) = g
k
q (p, p, . . . , p). We can repeatedly apply Lemma 3.2











for some i. For each i ∈ [k], let α(i) be the number of steps in
which we apply Lemma 3.2 for color i. By the definition of gkq (p1, p2, . . . , ptq ), we have
gkq (p1, p2, . . . , ptq ) = 1 < 2 if pj = 1 for some j ∈ [tq]. We also have gkq (p1, p2, . . . , ptq ) = 2





















(p − 2) = k(p−2)q . We conclude that
gkq (p) ≤ 4
k(p−2)
q · 2 = 2
2k(p−2)
q
+1, completing the proof of Theorem 1.4.
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Proof of Proposition 1.7. The proof is similar to the proof of Theorem 1.4. The only difference
is that we repeatedly apply Lemma 3.2 until in some step we get gkq (p1, p2, . . . , ptq ) < 32. Note
that we have gk1 (2) = 2 ≤ 32, gk1 (2, . . . , 2, 6) = 6 < 32, gk1 (2, . . . , 2, 3, 5) = R(K3,K5) = 14 <
32 ([18]), gk1 (2, . . . , 2, 4, 4) = R2(K4) = 18 < 32 ([18]), g
k
1 (2, . . . , 2, 3, 3, 4) = g
3
1(3, 3, 4) = 17 <
32 ([22]) and gk1 (2, . . . , 2, 3, 3, 3, 3) = g
4
1(3) = 26 < 32 ([5, 19]). Thus we have
∑k
i=1 α(i) ≤
k(p− 2)− 4 in this case, so gk1 (p) < 4k(p−2)−4 · 32 = 22k(p−2)−3.
In the rest of this section, we prove Proposition 1.5, using a similar method to that used
in [28].
Proof of Proposition 1.5. Consider a k-edge-coloring G of Kn, where each edge receives color
i (1 ≤ i ≤ k − 1) with probability rk−1 and color k with probability 1 − r (for small r, to be
determined shortly), and these probabilities are mutually independent. For each set S of s
vertices, let AS be the event that G[S] is a rainbow Ks. For each set T of p vertices, let BT
be the event that G[T ] is a q-colored Kp. We shall show that Pr((∧SAS) ∧ (∧TBT )) > 0.
Define a graph D with a vertex set corresponding to all possible AS and BT such that
(the vertex corresponding to) AS is adjacent to (the vertex corresponding to) BT if and only
if |S ∩ T | ≥ 2, and AS (resp., BT ) is adjacent to AS′ (resp., BT ′) if and only if |S ∩ S′| ≥ 2
(resp., |T ∩ T ′| ≥ 2). Then D is a dependency graph. We define NAA, NAB, NBA and NBB
such that NXY is the number of vertices in D of type Y (so corresponding either to a number
of AS vertices or a number of BT vertices) adjacent to a fixed vertex of type X (so either one
AS vertex or one BT vertex). In order to be able to apply Lemma 2.4, for each S, let the
positive real number yi = y correspond to event AS, and for each T , let yi = z correspond to
event BT . By Lemma 2.4, to show that Pr((∧SAS) ∧ (∧TBT )) > 0, it suffices to show that
there exist positive real numbers r, y, z such that
r < 1, yPr(As) < 1, zPr(BT ) < 1, (1)
ln y > yPr(As)NAA + zPr(BT )NAB , (2)
ln z > yPr(As)NBA + zPr(BT )NBB . (3)

































































































































































































−αL−β, p = c2n






where ǫ ≪ 1, c1, c2, c3 are appropriately chosen and n tends to infinity. Then we have
yPr(AS)NAA ≤ (1 + ǫ)Lr(
s





yPr(AS)NBA ≤ (1 + ǫ)Lr(
s











































































If we choose c1, c2, c3 such that c3− c1c
2
2
4 +c2+o(1) < 0, then inequations (1)-(3) hold. Setting






















4 Proofs of Theorems 1.8 and 1.9
We first present our proof of Theorem 1.8.
Proof of Theorem 1.8. We first show that there is a Gallai-k-coloring of Kk+1, in which there
is no Kp receiving at most p − 2 distinct colors. The case k = p − 2 is trivial since Kp−1
contains no Kp. For k ≥ p− 1, let V (Kk+1) = {v1, v2, . . . , vk+1}. For every 1 ≤ i < j ≤ k+1,
we color the edge vivj using color i. Note that for any three vertices vi, vj , vk with i < j < k,
we have c(vivj) = c(vivk), so there is no rainbow triangle. For any p vertices vi1 , vi2 , . . . , vip
with i1 < i2 < · · · < ip, we have C({vi1 , vi2 , . . . , vip}) = {i1, i2, . . . , ip−1}, so every Kp receives
p− 1 distinct colors.
Next, we show that gkp−2(p) ≤ k + 2 by induction on k. For the base case, if k = p − 2,
then it is trivial that gkp−2(p) = p. Now assume that it holds for every p− 2 ≤ k′ ≤ k− 1, and
we will prove it for k.
For a contradiction, suppose that G is a Gallai-k-coloring of Kk+2 without a (p−2)-colored
Kp. Using Theorem 2.1, let V1, V2, . . . , Vm (m ≥ 2) be a Gallai partition of V (G). Note that
m ≤ p−1 since p−2 ≥ 2. If m ≥ 4, then we can choose nonempty subsets V ′i ⊆ Vi (1 ≤ i ≤ m)
such that
∑m
i=1 |V ′i | = p. Since G is a Gallai-coloring, we have |C(V ′i )| ≤ |V ′i | − 1 (1 ≤ i ≤ m)
by Theorem 1.1. Then |C(⋃mi=1 V ′i )| ≤ 2+
∑m
i=1(|V ′i | − 1) = 2+ p−m ≤ p− 2. Thus there is
a (p− 2)-colored Kp in G, a contradiction. Hence, we have m ≤ 3. Note that if G contains a
Gallai partition with exactly three parts, then G also contains a Gallai partition with exactly
two parts. Thus we may assume that m = 2 and c(V1, V2) = 1.
Claim 4.1. 1 /∈ C(V1) and 1 /∈ C(V2).
Proof. By symmetry, we only prove 1 /∈ C(V1). If 1 ∈ C(V1), then we may choose V ′1 ⊆ V1 and
V ′2 ⊆ V2 such that 1 ∈ C(V ′1) and |V ′1 | + |V ′2 | = p. Thus |C(V ′1 ∪ V ′2)| ≤ |C(V ′1)| + |C(V ′2)| ≤
|V ′1 | − 1 + |V ′2 | − 1 = p− 2, a contradiction.
Claim 4.2. |V1| = |C(V1)|+ 1 and |V2| = |C(V2)|+ 1.
Proof. By symmetry, we only prove it for V1. By Theorem 1.1, we have |V1| ≥ |C(V1)| + 1,
so it suffices to prove |V1| ≤ |C(V1)|+ 1. Suppose for a contradiction that |V1| ≥ |C(V1)|+ 2.
If |C(V1)| ≤ p − 3, then |V1| ≤ p − 1 in order to avoid a (p − 2)-colored Kp. Thus we can
choose V ′2 ⊆ V2 with |V1| + |V ′2 | = p. Since |C(V ′2)| ≤ |V ′2 | − 1, we have |C(V1 ∪ V ′2)| ≤
1+ |C(V1)|+ |V ′2 |−1 ≤ |C(V1)|+p−|V1| ≤ |C(V1)|+p− (|C(V1)|+2) = p−2, a contradiction.
Thus |C(V1)| ≥ p − 2, and then we have |V1| ≤ |C(V1)| + 1 by Claim 4.1 and the induction
hypothesis.
We now show that C(V1)∩C(V2) = ∅. Otherwise, suppose 2 ∈ C(V1)∩C(V2). We choose
V ′1 ⊆ V1 and V ′2 ⊆ V2 such that 2 ∈ C(V ′1), 2 ∈ C(V ′2) and |V ′1 |+|V ′2 | = p. Then |C(V ′1 ∪ V ′2)| ≤
1+ |C(V ′1)|+ |C(V ′2)| − 1 ≤ |V ′1 | − 1+ |V ′2 | − 1 = p− 2, a contradiction. Finally, by Claims 4.1
and 4.2, we have k+2 = |V (G)| = |V1|+ |V2| = |C(V1)|+1+ |C(V2)|+1 ≤ k− 1+ 2 = k+1,
a contradiction.
In the following, instead of proving Theorem 1.9, we will prove the following more general
result.
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− 1, we have gk⌊ m√p−1⌋−1(p) ≥
(k + 1)m + 1.






− 1. By Theorem 1.8, we have gkq (q + 2) > k + 1. Let G0 be a
Gallai-k-coloring of Kk+1 in which the largest q-colored complete subgraph has order at most
q + 1, and let G1 = G0. Suppose for some 1 ≤ i < m we have constructed a k-edge-coloring
Gi of K(k+1)i . Then we construct Gi+1 by substituting k+1 copies of Gi into vertices of G0.
Finally, we obtain a k-edge-coloring Gm of K(k+1)m . It is easy to check that Gm is a Gallai-
coloring and that the largest q-colored complete subgraph has order at most (q+1)m ≤ p−1.
Thus we have gkq (p) ≥ (k + 1)m + 1.
5 Proof of Theorem 1.10
For the lower bound, we will construct a Gallai-k-coloring of Kk+2 without a (p− 3)-colored
Kp. The case k = p − 3 is trivial since Kp−1 contains no Kp. For k ≥ p − 2, let V (Kk+2) =
{v1, v2, . . . , vk+2}. For every 1 ≤ i ≤ k and i < j ≤ k + 2, we color the edge vivj using color
i, and we color the edge vk+1vk+2 with color k. Then we obtain a desired edge-coloring.
For the upper bound, we will use induction on k. For the base case, if k = p − 3, then
it is trivial that gkp−3(p) ≤ k + 3. Now assume that it holds for every p − 3 ≤ k′ ≤ k − 1,
and we will prove it for k. For a contradiction, suppose that G is a Gallai-k-coloring of Kk+3
without a (p − 3)-colored Kp. By the induction hypothesis, we may assume that all the k
colors appear in G (that is, C(G) = [k]). Using Theorem 2.1, let V1, V2, . . . , Vm (m ≥ 2) be a
Gallai partition of V (G). We choose it such that m is minimum.
Case 1. m ≥ 4.
In this case, by the minimality of m, there are exactly two colors used between the parts, say
colors 1 and 2. If m ≥ 5, then we can choose one vertex vi from each Vi (1 ≤ i ≤ 5) to form a
2-colored K5. Then we choose another p−5 vertices v6, v7, . . . , vp one by one arbitrarily. Note
that for each 6 ≤ i ≤ p, when we add vertex vi to Gi−1 = G[{v1, v2, . . . , vi−1}], we add at
most one new color that is not used in Gi−1, by Lemma 2.3. Thus we obtain a (p− 3)-colored
Kp, a contradiction. Hence, we have m = 4.
Claim 5.1. For any i ∈ [4], we have 1, 2 /∈ C(Vi). For any 1 ≤ i < j ≤ 4, we have
C(Vi) ∩ C(Vj) = ∅.
Proof. If C(Vi) ∩ {1, 2} 6= ∅ for some i ∈ [4], then we can choose nonempty subsets V ′l ⊆ Vl
(1 ≤ l ≤ 4) such that ∑4l=1 |V ′l | = p and C(V ′i ) ∩ {1, 2} 6= ∅. Since G is a Gallai-coloring, we




l )| ≤ 2+(
∑4
l=1 |C(V ′l )|)−
1 ≤ 2+ (∑4l=1(|V ′l | − 1))− 1 = 2+ p− 4− 1 = p− 3. Thus there is a (p− 3)-colored Kp in G,
a contradiction. If C(Vi)∩C(Vj) 6= ∅ for some 1 ≤ i < j ≤ 4, say c0 ∈ C(Vi)∩C(Vj), then we
can choose nonempty subsets V ′l ⊆ Vl (1 ≤ l ≤ 4) such that
∑4
l=1 |V ′l | = p, c0 ∈ C(V ′i ) and




l )| ≤ 2 + (
∑4
l=1 |C(V ′l )|)− 1 ≤ 2 + (
∑4
l=1(|V ′l | − 1))− 1 = p− 3.
Thus there is a (p− 3)-colored Kp in G, a contradiction.
Claim 5.2. For any i ∈ [4], we have |Vi| ≤ |C(Vi)|+ 1.
Proof. Suppose for a contradiction that |Vi| ≥ |C(Vi)| + 2 for some i ∈ [4], say i = 1. If
|C(V1)| ≤ p − 5, then |V1| ≤ p − 4 in order to avoid a (p − 3)-colored Kp. Thus we can
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choose nonempty subsets V ′j ⊆ Vj (2 ≤ j ≤ 4) such that |V1| +
∑4





j ))| ≤ 2 + |C(V1)| +
∑4
j=2(|V ′j | − 1) ≤ 2 + |C(V1)| + (p − |V1|) − 3 ≤ 2 +
|C(V1)|+ p− (|C(V1)|+ 2)− 3 = p− 3, a contradiction.
If |C(V1)| ≥ p − 3, then |V1| ≤ |C(V1)| + 2 by Claim 5.1 and the induction hypothesis. If
|C(V1)| = p− 4, then |V1| ≤ p− 2 = |C(V1)|+ 2 in order to avoid a (p− 3)-colored Kp. Thus
|V1| = |C(V1)|+2 whenever |C(V1)| ≥ p− 4. By Theorem 1.8, there is a (p1 − 2)-colored Kp1
in G[V1] for every 4 ≤ p1 ≤ |V1|. Let H be a copy of a (p − 5)-colored Kp−3 in G[V1]. Then
we can choose one vertex from each Vj (2 ≤ j ≤ 4) such that these vertices together with H
form a (p − 3)-colored Kp, a contradiction.
By Claims 5.1 and 5.2, we have k + 3 = |V (G)| = ∑4i=1 |Vi| ≤
∑4
i=1(|C(Vi)| + 1) ≤
k − 2 + 4 = k + 2, a contradiction.
Case 2. 2 ≤ m ≤ 3.
By the minimality of m, we may assume that m = 2 and c(V1, V2) = 1.
Claim 5.3. At most one of V1 and V2 contains an edge with color 1.
Proof. If 1 ∈ C(V1) and 1 ∈ C(V2), then we can choose V ′1 ⊆ V1 and V ′2 ⊆ V2 such that
|V ′1 | + |V ′2 | = p, 1 ∈ C(V ′1) and 1 ∈ C(V ′2). Then |C(V ′1 ∪ V ′2)| ≤ |C(V ′1)| + |C(V ′2)| − 1 ≤
|V ′1 | − 1 + |V ′2 | − 1− 1 = p− 3, a contradiction.
Claim 5.4. We have |Vi| = |C(Vi)|+ 1 and |V3−i| = |C(V3−i)|+ 2 for some i ∈ [2].
Proof. Recall that |Vi| ≥ |C(Vi)| + 1 for each i ∈ [2] by Theorem 1.1. First suppose that
|Vi| ≥ |C(Vi)|+ 2 for all i ∈ [2]. Note that for each i ∈ [2], since |Vi| ≥ 2, we have |C(Vi)| ≥ 1
and thus |Vi| ≥ 3. Moreover, if |C(V1)| = 1 (resp., |C(V2)| = 1), then G[V1] (resp., G[V2]) is a
monochromatic complete subgraph of order at least 3, and if |C(V1)| ≥ 2 (resp., |C(V2)| ≥ 2),
then G[V1] (resp., G[V2]) contains a (p
′ − 2)-colored Kp′ for every 4 ≤ p′ ≤ |V1| (resp.,
4 ≤ p′ ≤ |V2|) by Theorem 1.8. Thus we can choose a (pi − 2)-colored Kpi in G[Vi] for each
i ∈ [2] such that 3 ≤ pi ≤ |Vi| and p1 + p2 = p, so there is a (p − 3)-colored Kp in G, a
contradiction. Hence, we may assume that |V1| = |C(V1)|+ 1 without loss of generality.
If |V2| = |C(V2)|+1, then k+3 = |V1|+ |V2| = |C(V1)|+ |C(V2)|+2, so |C(V1)|+ |C(V2)| =
k + 1. Then C(V1) ∩ C(V2) 6= ∅. Let C ′ = C(V1) ∩ C(V2), and we have 1 /∈ C ′ by Claim 5.3.
If 1 /∈ C(V1) and 1 /∈ C(V2), then |C ′| ≥ 2 (otherwise we have |C(V1)| + |C(V2)| ≤ k). Then
we can choose V ′1 ⊆ V1 and V ′2 ⊆ V2 with |V ′1 ∪ V ′2 | = p such that |C(V ′1) ∩ C(V ′2)| ≥ 2. Then
|C(V ′1 ∪ V ′2)| ≤ 1+ |C(V ′1)|+ |C(V ′2)| − 2 ≤ 1+ |V ′1 | − 1+ |V ′2 | − 1− 2 = p− 3, a contradiction.
Hence, without loss of generality, we may assume that 1 ∈ C(V1), c0 ∈ C ′ and c0 6= 1. Then we
can choose V ′1 ⊆ V1 and V ′2 ⊆ V2 with |V ′1 ∪ V ′2 | = p such that {1, c0} ⊆ C(V ′1) and c0 ∈ C(V ′2).
Then |C(V ′1 ∪ V ′2)| ≤ |C(V ′1)|+ |C(V ′2)| − 1 ≤ |V ′1 | − 1 + |V ′2 | − 1− 1 = p− 3, a contradiction.
Therefore, we have |V2| ≥ |C(V2)|+ 2.
If 1 ≤ |C(V2)| ≤ p−4, then |V2| ≤ p−2 in order to avoid a (p−3)-colored Kp. Let V ′1 ⊆ V1
such that |V ′1 ∪ V2| = p. Then |V2| = p−|V ′1 | ≤ p−(|C(V ′1)|+1) ≤ p−(|C(V ′1 ∪ V2)|−|C(V2)|) ≤
p − (p − 2 − |C(V2)|) = |C(V2)| + 2, where the second inequality is by |C(V ′1 ∪ V2)| ≤ 1 +
|C(V ′1)| + |C(V2)|, and the last inequality follows from the assumption that G contains no
(p − 3)-colored Kp. If p − 3 ≤ |C(V2)| ≤ k − 1, then by the induction hypothesis we have
|V2| ≤ |C(V2)|+ 2. If |C(V2)| = k, then |V2| = k + 3− |V1| ≤ k + 2 = |C(V2)|+ 2. Therefore,
we have |V2| = |C(V2)|+ 2.
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By Claim 5.4, we may assume that |V1| = |C(V1)|+ 1 and |V2| = |C(V2)|+ 2 without loss
of generality.
Claim 5.5. C(V1) ∩ C(V2) = ∅.
Proof. For a contradiction, suppose that C ′ = C(V1) ∩ C(V2) 6= ∅. Similar to the second
paragraph in the proof of Claim 5.4, we have 1 /∈ C(V1), 1 /∈ C(V2) and |C ′| = 1, say
C ′ = {c0}.
If |V2| ≤ p− 2, then we can choose V ′1 ⊆ V1 such that |V ′1 ∪ V2| = p and c0 ∈ C(V ′1). Now
we have |C(V ′1 ∪ V2)| ≤ 1 + |C(V ′1)|+ |C(V2)| − 1 ≤ 1 + (|V ′1 | − 1) + (|V2| − 2) − 1 = p− 3, a
contradiction. Thus |V2| ≥ p− 1 and |C(V2)| = |V2| − 2 ≥ p− 3. Let uv be an edge within V1
with c(uv) = c0. Then G[V2 ∪ {u, v}] is a (|C(V2)| + 1)-colored K|V2|+2. If |C(V1)| ≥ 2, then
|C(V2 ∪ {u, v})| ≤ k− 1, and thus we can derive a contradiction by the induction hypothesis.
Thus we have C(V1) = {c0} and |V1| = 2.
By Theorem 1.8, we may assume that H is a copy of a (p − 5)-colored Kp−3 in G[V2]. If
c0 ∈ C(H), then G[V (H) ∪ V1] is a (p − 4)-colored Kp−1. For any vertex w ∈ V2 \ V (H),
we have |C(w, V (H) ∪ V1) \ C(V (H) ∪ V1)| ≤ 1 by Lemma 2.3, which implies a (p − 3)-
colored Kp, a contradiction. If c0 /∈ C(H) and there is an edge xy with color c0 such that
x ∈ V (H) and y ∈ V2 \ V (H), then C(y, V (H)) \ C(H) = {c0} by Lemma 2.3. Then
G[V (H) ∪ V1 ∪ {y}] is a (p − 3)-colored Kp, a contradiction. Hence, G[V2] contains no edge
in color 1 which has an end-vertex in V (H). Thus we may assume that xy is an edge with
color c0 such that x, y ∈ V2 \ V (H). By Theorem 1.8, we may further assume that H ′ is a
copy of a (p− 6)-colored Kp−4 in H. By Lemma 2.3, we have |C(x, V (H ′)) \ C(H ′)| ≤ 1 and
C(y, V (H ′)∪ {x}) \C(V (H ′)∪ {x}) = {c0}. Then G[V (H ′)∪ V1 ∪ {x, y}] is a (p− 3)-colored
Kp, a contradiction.
By Claim 5.4, we have |C(V1)|+|C(V2)| = |V1|+|V2|−3 = k. Then we have either 1 ∈ C(V1)
or 1 ∈ C(V2) by Claims 5.3 and 5.5. We first consider the case 1 ∈ C(V1) and 1 /∈ C(V2). We
define a subset V ′2 ⊆ V2 as follows. If |V2| ≤ p−3, then V ′2 = V2. If |V2| ≥ p−2, then we choose
V ′2 such that G[V
′
2 ] is a (p−4)-colored Kp−2 (using Theorem 1.8). Then let V ′1 ⊂ V1 such that
|V ′1 | = p− |V ′2 | and 1 ∈ C(V ′1). Since |C(V ′1 ∪ V ′2)| ≤ |C(V ′1)|+ |C(V ′2)| ≤ |V ′1 | − 1 + |V ′2 | − 2 =
p − 3, we derive a contradiction. Next, we consider the case 1 /∈ C(V1) and 1 ∈ C(V2). In
this case, we have |V2| ≥ p, since otherwise if |V2| ≤ p− 1, then we can choose V ′1 ⊂ V1 with
|V ′1 ∪ V2| = p such that |C(V ′1 ∪ V2)| ≤ |C(V ′1)| + |C(V2)| ≤ |V ′1 | − 1 + |V2| − 2 = p − 3, a
contradiction.
By Theorem 1.8, we may assume that H is a copy of a (p− 4)-colored Kp−2 in G[V2]. Let
u be any vertex in V1. If 1 ∈ C(H), then G[V (H) ∪ {u}] is a (p − 4)-colored Kp−1. For any
vertex v ∈ V2 \V (H), we have |C(v, V (H) ∪ {u}) \ C(V (H) ∪ {u})| ≤ 1 by Lemma 2.3, which
implies a (p−3)-colored Kp, a contradiction. If 1 /∈ C(H) and there is an edge xy with color 1
such that x ∈ V (H) and y ∈ V2 \V (H), then C(y, V (H)) \C(H) = {1} by Lemma 2.3. Then
G[V (H)∪ {u, y}] is a (p− 3)-colored Kp, a contradiction. If 1 /∈ C(H) and G[V2] contains no
edge with color 1 incident with a vertex of H, then we may assume that xy is an edge with
color 1 such that x, y ∈ V2 \ V (H). By Theorem 1.8, we may further assume that H ′ is a
copy of a (p− 5)-colored Kp−3 in H. By Lemma 2.3, we have |C(x, V (H ′)) \ C(H ′)| ≤ 1 and
C(y, V (H ′)∪{x}) \C(V (H ′)∪{x}) = {1}. Then G[V (H ′)∪{x, y, u}] is a (p− 3)-colored Kp.
This contradiction completes the proof of Theorem 1.10.
Remark 5.6. The bound p ≥ 8 in Theorem 1.10 is best possible. Indeed, if p = 7, then we
can show that g54(7) > 8 by the following counterexample. Let G1 (resp., G2) be a K4 using
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colors 1 and 2 (resp., colors 3 and 4) such that colors 1 and 2 (resp., colors 3 and 4) induce
two monochromatic copies of a P4. Let G be a 5-colored K8 obtained by joining G1 and G2
using edges that all get color 5. It is easy to check that G contains neither a rainbow K3 nor a
4-colored K7. When p = 6, we can prove that g
4
3(6) = 8 and g
5
3(6) = 10 (the proofs are given
in the appendices, and will be deleted in the final version; we will supply the full proofs in an
arXiv version). When p = 5, the function gk2 (5) is exponential in k by Theorem 1.11.
6 Proofs of Theorems 1.11 and 1.12
We first present our proof of Theorem 1.11.
Proof of Theorem 1.11. We first show that there is a Gallai-k-coloring of K2k , in which there
is no K5 receiving at most two distinct colors. For k = 2, let G2 be an edge-coloring of K4
with colors 1 and 2 such that color 1 induces a perfect matching and color 2 induces a C4.
It is easy to check that there is neither a rainbow K3 nor a monochromatic K3 in G2, and
G2 contains no 2-colored K5 clearly. Suppose for some 2 ≤ i ≤ k − 1 we have constructed
a Gallai-i-coloring Gi of K2i in which there is neither a monochromatic K3 nor a 2-colored
K5. Then we construct an (i + 1)-edge-coloring Gi+1 of K2i+1 by joining two copies of Gi
with edges that all get color i + 1. Since Gi contains no rainbow K3, there is no rainbow
K3 in Gi+1. Since Gi contains neither a monochromatic K3 nor a 2-colored K5, there is no
2-colored K5 in Gi+1. By repeating this process, we finally obtain a Gallai-k-coloring Gk of
K2k without a 2-colored K5.
We now prove that gk2 (5) ≤ 2k + 1 by induction on k. For the base case, it is trivial that
g22(5) = 5. Now assume that it holds for every 2 ≤ k′ ≤ k − 1, and we will prove it for k ≥ 3.
For a contradiction, suppose that G is a Gallai-k-coloring of K2k+1 without a 2-colored
K5. Using Theorem 2.1, let V1, V2, . . . , Vm (m ≥ 2) be a Gallai partition of V (G). We
choose it such that m is minimum. Since there is no 2-colored K5, we have m ≤ 4. If
m = 4, then by the minimality of m, there are exactly two colors used between the parts,
say colors 1 and 2. In order to avoid a 2-colored K5, there is no edge with color 1 or
2 within each part. If k = 3, then there is only color 3 within these parts. Note that
max1≤i<j≤4 |Vi ∪ Vj | ≥ 5, so there is a 2-colored K5. Thus k ≥ 4. By the induction hypothesis,
we have |V (G)| = |V1|+ |V2|+ |V3|+ |V4| ≤ 4 · 2k−2 = 2k, a contradiction.
Thus 2 ≤ m ≤ 3, and by the minimality of m we may assume m = 2 and c(V1, V2) = 1.
If 1 /∈ C(V1) and 1 /∈ C(V2), then by the induction hypothesis, we have |V (G)| = |V1| +
|V2| ≤ 2k−1 + 2k−1 = 2k, a contradiction. If 1 ∈ C(V1) and 1 ∈ C(V2), then G contains a
monochromatic K4. By Lemma 2.3, G contains a 2-colored K5, a contradiction. Thus we
may assume that 1 ∈ C(V1) and 1 /∈ C(V2) without loss of generality.
Claim 6.1. Color 1 induces a bipartite graph within V1.
Proof. We first show that G[V1] contains no monochromatic K3 with color 1. Otherwise,
suppose {u, v, w} forms a monochromatic K3 with color 1 within V1. Then for any vertex
x ∈ V2, we have that {u, v, w, x} forms a monochromatic K4. By Lemma 2.3, there is a
2-colored K5 in G, a contradiction.
We next show that G[V1] contains no C4 with exactly three edges in color 1. Otherwise,
if G[V1] contains such C4, say c(uv) = c(vw) = c(wz) = 1 and c(zu) = 2. In order to avoid a
rainbow K3, we have c(uw) ∈ {1, 2} and c(vz) ∈ {1, 2}. Then for any vertex x ∈ V2, we have
that {u, v, w, z, x} forms a 2-colored K5, a contradiction.
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Finally, we show that G[V1] contains no monochromatic odd cycle in color 1 (thus color
1 induces a bipartite graph within V1). Suppose that C2t+1 = a1a2 · · · a2t+1a1 (t ≥ 2) is a
monochromatic cycle using color 1 in G[V1]. Since there is no C4 with exactly three edges
in color 1, we have c(a1a4) = 1, so c(a1a6) = 1, c(a1a8) = 1, · · · , c(a1a2t) = 1. Then
{a1, a2t, a2t+1} forms a monochromatic K3 in color 1, a contradiction.
Let E1 be the set of edges with color 1 in G[V1], and let V
′
1 ⊆ V1 be the set of vertices
incident with some edge of E1. By Claim 6.1, we may partition V
′
1 into two parts A and
B such that 1 /∈ C(A) and 1 /∈ C(B). Since 1 ∈ C(V1), we have A 6= ∅ and B 6= ∅. Let
V ′′1 = V1 \ V ′1 (it is possible that V ′′1 = ∅).
Claim 6.2. The following statements hold:
(1) for any color i ∈ C(V ′1), we have i /∈ C(V2);
(2) |V2| ≤ 2|C(V2)|;
(3) |A| ≤ 2|C(A)| and |B| ≤ 2|C(B)|.
Proof. (1) If i = 1, then it holds clearly. If i 6= 1, then we may assume that c(uv) = i for
some u, v ∈ V ′1 . Since u ∈ V ′1 , there exists a vertex w ∈ V ′1 \ {u, v} with c(uw) = 1. In order
to avoid a rainbow K3, we have c(vw) ∈ {1, i}. If i ∈ C(V2), then there is a 2-colored K5
using colors 1 and i in G, a contradiction.
(2) Let |C(V2)| = j (0 ≤ j ≤ k − 1). If j = 0, then |V2| = 1 = 20. If j = 1, then G[V2]
is a monochromatic complete subgraph. Suppose |V2| ≥ 3. Then G contains a 2-colored K5
since 1 ∈ C(V1), a contradiction. Thus |V2| = 2 = 21. If 2 ≤ j ≤ k − 1, then |V2| ≤ 2j by the
induction hypothesis.
(3) By symmetry, we only prove it for A. If |C(A)| 6= 1, then |A| ≤ 2|C(A)| by the
same argument as in (2). If |C(A)| = 1, then G[A] is a monochromatic complete subgraph.
Suppose |A| ≥ 3, say u, v, w ∈ A. Recall that 1 /∈ C(A). By the definition of A and B,
there exists a vertex x ∈ B such that c(ux) = 1. In order to avoid a rainbow K3, we have
C(x, {v,w}) ⊆ C(A) ∪ {1}. Note that for any vertex y ∈ V2, we have c(y, {u, v, w, x}) = 1.
Thus {u, v, w, x, y} forms a 2-colored K5, a contradiction.
Claim 6.3. |A| ≥ 2 and |B| ≥ 2.
Proof. By symmetry, we only prove |A| ≥ 2. If |A| = 1, say A = {u}, then we have c(u,B) = 1
by the definition of B. By Claim 6.2 (1), we have C(B) ∩ C(V2) = ∅, so |C(B)| + |C(V2)| ≤
k − 1. If V ′′1 = ∅, then by Claim 6.2 (2) and (3) we have |V (G)| = |A| + |B| + |V2| ≤
1+ 2|C(B)| +2|C(V2)| ≤ 1+ (2|C(B)|+|C(V2)| +1) ≤ 1+ 2k−1 +1 < 2k +1, a contradiction. Thus
V ′′1 6= ∅, say v ∈ V ′′1 . Note that v is not incident with any edge in color 1. Thus we may
further assume that c(uv) = 2. In order to avoid a rainbow K3, we have c(v,B) = 2. Then
2 /∈ C(B) and 2 /∈ C(V2) in order to avoid a 2-colored K5, so |C(B)|+ |C(V2)| ≤ k− 2. Then
|V (G)| = |A|+ |B|+ |V2|+ |V ′′1 | ≤ 1+2|C(B)|+2|C(V2)|+2k−1 ≤ 1+(2|C(B)|+|C(V2)|+1)+2k−1 ≤
1 + 2k−2 + 1 + 2k−1 < 2k + 1, a contradiction.
Claim 6.4. C(B) \ C(A) 6= ∅ and C(A) \ C(B) 6= ∅.
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Proof. By symmetry, we only prove C(B) \ C(A) 6= ∅. Recall that 1 /∈ C(A) and 1 /∈ C(B).
By Claim 6.3, we have |C(B)| ≥ 1. Since G[B] is a Gallai-coloring, there exists a color, say
color 2, inducing a connected spanning subgraph of G[B] by Corollary 2.2. We will show that
2 /∈ C(A). For a contradiction, suppose that there are two vertices u, v ∈ A with c(uv) = 2.
We may further assume that c(uw) = 1 and c(wx) = 2, where w, x ∈ B. Then c(vw) ∈ {1, 2}
and c(ux) ∈ {1, 2}. Thus c(vx) /∈ {1, 2}, since otherwise {u, v, w, x} together with a vertex in
V2 forms a 2-colored K5. Then c(vw) = c(ux) = 2 in order to avoid a rainbow K3. Since v is
incident with some edge in color 1, we may assume that c(vy) = 1 for some y ∈ B \{w, x}. In
order to avoid a rainbow K3, we have C(y, {u,w}) ⊆ {1, 2}. Then {u, v, w, y} together with
a vertex in V2 forms a 2-colored K5, a contradiction.
By Claim 6.2 (1), we have C(A)∩C(V2) = ∅ and C(B)∩C(V2) = ∅. Recall that 1 /∈ C(A)
and 1 /∈ C(B ∪ V ′′1 ). By Claim 6.4, we further have |C(A)| ≤ k − |{1}| − |C(B) \ C(A)| −
|C(V2)| ≤ k−2−|C(V2)|. Thus |V (G)| = |A|+|V2|+|B ∪ V ′′1 | ≤ 2k−2−|C(V2)|+2|C(V2)|+2k−1 ≤
2k−2 + 1 + 2k−1 < 2k + 1, a contradiction. This completes the proof of Theorem 1.11.
Next, we present our proof of Theorem 1.12.
Proof of Theorem 1.12. Let q = ⌊log2(p− 1)⌋. By Theorem 1.11, we have gq2(5) = 2q +1 ≤ p.
Thus every Gallai-q-colored Kp contains a 2-colored K5. Let g = g
k
q (p). Then every Gallai-
k-coloring of Kg contains a Gallai-q-colored Kp, and thus a 2-colored K5. Hence, g
k
q (p) ≥
gk2 (5) = 2
k + 1.
In fact, we can generalize Theorem 1.12 as follows.









. We show that there is a Gallai-k-coloring of Kmk , in which
there is no Kp receiving at most q distinct colors. For k = 1, let G1 be a monochromatic copy
of Km with color 1. Suppose for some 1 ≤ i ≤ k − 1 we have constructed a Gallai-i-coloring
Gi of Kmi . Then we construct an (i + 1)-edge-coloring Gi+1 of Kmi+1 by joining m copies
of Gi using edges that all get color i + 1. Finally, we obtain a Gallai-k-coloring Gk of Kmk .
For any q distinct colors c1, c2, . . . , cq, the largest complete subgraph in Gk using only these
q colors has order at most mq ≤ p− 1. Thus gkq (p) ≥ mk + 1.
7 Proof of Theorem 1.13
We first introduce two additional definitions and prove some useful lemmas. An exact Gallai-
k-coloring is a Gallai-k-coloring in which all the k colors are used. A star of order t+ 1 ≥ 2
is a connected graph with a vertex of degree t having t neighbors of degree 1, and is usually
denoted as K1,t.





colors each inducing a star in every exact
Gallai-(n − 1)-coloring of Kn.
Proof. We prove the statement by induction on n. For the base case, if 2 ≤ n ≤ 3, the
statement clearly holds. Now assume that it holds for every 2 ≤ n′ ≤ n − 1, and we will
prove it for n. Let G be an exact Gallai-(n − 1)-coloring of Kn. Let V1, V2, . . . , Vm be a
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Gallai partition of V (G) such that m is minimum. If m ≥ 4, then by Theorem 1.1 we have
|C(G)| ≤ 2 +∑mi=1 |C(Vi)| ≤ 2 +
∑m
i=1(|Vi| − 1) ≤ 2 + n−m ≤ n− 2, a contradiction. Thus
2 ≤ m ≤ 3, so m = 2 by the minimality of m. Without loss of generality, we may assume
that c(V1, V2) = 1 and |V1| ≥ |V2|. We claim that 1 /∈ C(V1) ∪ C(V2) and C(V1) ∩ C(V2) = ∅,
since otherwise |C(G)| ≤ 1 + |C(V1)| + |C(V2)| − 1 ≤ |V1| − 1 + |V2| − 1 ≤ n− 2. If |V2| = 1,
then G[V1] is an exact Gallai-(n − 2)-coloring of Kn−1. By the induction hypothesis, the
number of colors each inducing a star is at least 1 + ⌈(n − 1)/2⌉ ≥ ⌈n/2⌉. If |V1| ≥ |V2| ≥
2, then by the induction hypothesis, the number of colors each inducing a star is at least
⌈|V1|/2⌉ + ⌈|V2|/2⌉ ≥ ⌈n/2⌉.
Lemma 7.2. For integers c, n,N with c ≥ 2, n ≥ 2(7 + c)c and N ≥ n − 3n(7+c)c , we have
N
(2+c)(6+c)c−1
− 2 ≥ n(7+c)c .
Proof. Let a = 6 + c. Then a ≥ 8. Since
(2 + c)(6 + c)c−1
(
N





























2(7 + c)c − 2(2 + c)(6 + c)c−1
≥ 2(7 + c)c − 4(2 + c)(6 + c)c−1 − 6

































ai + 4aa−7 − 6 ≥ 0,
we have N
(2+c)(6+c)c−1
− 2 ≥ n(7+c)c .
Lemma 7.3. For any c ≥ 1 and n ≥ 2(7 + c)c, there are at least n(7+c)c colors each inducing
a star in every exact Gallai-(n − c)-coloring of Kn.
Proof. We prove the statement by induction on c. For the base case, if c = 1, the statement
holds by Lemma 7.1. Now assume that it holds for every 1 ≤ c′ ≤ c− 1, and we will prove it
for c with c ≥ 2. Let G be an exact Gallai-(n − c)-coloring of Kn using colors 1, 2, . . . , n − c.




Claim 7.4. Let N be an integer satisfying N ≤ n and N
(2+c)(6+c)c−1
− 2 ≥ n(7+c)c . For any
V ′ ⊆ V (G) with |V ′| = N , C(V ′) ∩ C(V ′, V (G) \ V ′) = ∅ and C(V ′) ∩ C(V (G) \ V ′) = ∅, let
G′ = G[V ′]. If G′ is an exact Gallai-(N−c)-coloring of KN , then V (G′) has a Gallai partition
consisting of exactly two parts V ′1 and V
′
2, such that |C(V ′1)| = |V ′1 | − c, |C(V ′2)| = |V ′2 | − 1,
c(V ′1 , V
′
2) /∈ C(V ′1) ∪ C(V ′2) and C(V ′1) ∩ C(V ′2) = ∅.
Proof. Note that the integer N and subset V ′ satisfying the above conditions exist since we
can choose N = n, V ′ = V (G) and G′ = G. Without loss of generality, let C(G′) = [N − c].
First, we assume that there exists some color ℓ ∈ [N−c] such that the subgraph of G′ induced
by color ℓ has at least two nontrivial components. Then we recolor all the edges of color ℓ
in one of its nontrivial components with color n − c + 1. Let G′′ be the resulting coloring
of KN . It is easy to check that G
′′ is an exact Gallai-(N − (c − 1))-coloring of KN . Since
N
(2+c)(6+c)c−1
−2 ≥ n(7+c)c , we have N ≥ 2(7+(c−1))c−1 . By the induction hypothesis, there are
at least N
(7+(c−1))c−1 colors each inducing a star in G
′′. Recall that C(V ′)∩C(V ′, V (G)\V ′) = ∅
and C(V ′)∩C(V (G)\V ′) = ∅. There are at least N
(7+(c−1))c−1 −2 ≥ n(7+c)c colors each inducing
a star in G, a contradiction.
Next, we may assume that every color induces a subgraph with exactly one nontrivial
component in G′. Let V ′1 , V
′
2 , . . . , V
′
m be a Gallai partition of V (G
′) such that m is minimum
and |V ′1 | = max1≤i≤m{|V ′i |}, and let S be the set of colors used between these parts. Then
1 ≤ |S| ≤ 2 and (C(V ′i ) ∩ C(V ′j )) \ S = ∅ for every 1 ≤ i < j ≤ m.
If m ≥ 4, then N − c = |C(G′)| ≤ |S|+∑mi=1 |C(V ′i )| ≤ 2 +
∑m
i=1(|V ′i | − 1) ≤ N + 2−m,
so m ≤ 2 + c. Thus |V ′1 | ≥ N/(2 + c) ≥ 2(6 + c)c−1 = 2(7 + (c − 1))c−1. Moreover,
|C(V ′1)| ≥ N − c − |S| −
∑m
i=2 |C(V ′i )| ≥ N − c − 2 −
∑m
i=2(|V ′i | − 1) = |V ′1 | − c + m − 3 ≥
|V ′1 | − c + 1. Let C(V ′1) = {ci : i = 1, 2, . . . , |C(V ′1)|}. For all |V ′1 | − c + 2 ≤ j ≤ |C(V ′1)| (if
|C(V ′1)| > |V ′1 |−c+1), we recolor all the edges of color cj with color c1 in G′[V ′1 ], so we obtain
an exact Gallai-(|V ′1 |−(c−1))-coloring of K|V ′1 |. By the induction hypothesis, there are at least
|V ′1 |
(7+(c−1))c−1 colors each inducing a star in G
′[V ′1 ]. Thus the number of colors each inducing a
star in G is at least
|V ′1 |
(7+(c−1))c−1 − |S| ≥ N(2+c)(7+(c−1))c−1 − 2 ≥ n(7+c)c , a contradiction.
Thus 2 ≤ m ≤ 3, so m = 2 by the minimality of m. Then |V ′1 | ≥ N/2 ≥ 2(7 + (c− 1))c−1.
Note that |C(V ′1)| ≥ N − c − |C(V ′2)| − |S| ≥ N − c − |V ′2 | + 1 − 1 = |V ′1 | − c. If |C(V ′1)| ≥
|V ′1 |− c+1, then we can derive a contradiction by a similar argument as above. Thus we have
|C(V ′1)| = |V ′1 |− c, so |C(V ′2)| = |V ′2 |− 1, S ∩ (C(V ′1)∪C(V ′2)) = ∅ and C(V ′1)∩C(V ′2) = ∅.





2 := ∅, G(0) := G, t := 1, A := ∅ and B := ∅. The algorithm at time i ≥ 1 consists
of two steps.
Step 1. By applying Claim 7.4 to N = |V (i−1)1 |, V ′ = V
(i−1)
1 and G
′ = G[V (i−1)1 ], we obtain




2 of V (G
′) such that |C(V (i)1 )| = |V
(i)
1 | − c, |C(V
(i)
2 )| = |V
(i)













2 ) = ∅.




2 ), t := t+ 1 and A := A ∪ V
(i)
2 ; otherwise if
|V (i)2 | ≥ 2, then let B := B ∪ V
(i)
2 .
We repeat the above steps until t ≥ n(7+c)c + 1. Finally, we obtain t − 1 distinct colors
c1, c2, . . . , ct−1 each inducing a star in G. It remains to show that the above algorithm is valid.
Since for any j ≤ i − 1 with V (j)2 ⊆ B we have |V
(j)
2 | ≥ 2 and |C(V
(j)
2 )| = |V
(j)
2 | − 1, the
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number of colors each inducing a star in G[V
(j)
2 ] is at least ⌈|V
(j)





2 ) /∈ C(V
(j)
1 ) ∪ C(V
(j)
2 ) and C(V
(j)
1 ) ∩ C(V
(j)
2 ) = ∅ for every j ≤ i − 1. Thus
|B| < 2n(7+c)c ; otherwise the number of colors each inducing a star in G is at least n(7+c)c , a
contradiction. Thus |V (i−1)1 | = n − |B| − |A| > n − 3n(7+c)c . By Lemma 7.2, |V
(i−1)
1 | satisfies
the condition of N in Claim 7.4. Moreover, V
(i−1)
1 (resp., G
(i−1)) satisfies the condition of V ′
(resp., G′) in Claim 7.4. Thus we can apply Claim 7.4 in Step 1, so the algorithm is valid.
Now we have all ingredients to present our proof of Theorem 1.13.
Proof of Theorem 1.13. The cases c ∈ {1, 2} follow from Theorems 1.8 and 1.10, so we may
assume that c ≥ 3. The lower bound gkk−1(p) > p is trivial. For the upper bound, let G
be a Gallai-k-coloring of Kp+1. We may assume that G is an exact Gallai-k-coloring, where
k = p− c = p+1− (c+1). By Lemma 7.3, the number of colors each inducing a star in G is
at least p+1
(7+(c+1))c+1
≥ 2. Let i be a color that induces a star in G, and let v be a vertex with
maximum degree in this star. Then G − v is a copy of Kp using at most k − 1 colors. The
result follows.
8 Concluding remarks
In this paper, we studied the behavior of g(n, p, q), which is the minimum number of colors
that are needed for Kn to have a Gallai-coloring in which every Kp receives at least q distinct
colors. For this purpose it was convenient to consider the closely related function gkq (p). We
now recapitulate what the above results on gkq (p) imply for the function g(n, p, q).
Corollary 1.2 implies that g(n, p, q) makes sense only for 2 ≤ q ≤ p − 1. Theorem 1.4
implies that g(n, p, q) > q−12(p−2)(log2 n−1). For appropriate p and n, Theorems 1.8, 1.10, 1.11,
1.9 and 1.12 imply that g(n, p, p − 1) = n − 1, g(n, p, p − 2) = n − 2, g(n, 5, 3) = ⌈log2 n⌉,
g(n, p, ⌊√p− 1⌋) ≤ ⌈√n⌉ − 1 and g(n, p, ⌊log2(p − 1)⌋+ 1) ≤ ⌈log2 n⌉, respectively.
We remark that the behavior of g(n, p, q) is very different from f(n, p, q), as may be seen by
noting that in the case q = p− 1, Conlon et al. [7] proved that f(n, p, p− 1) is subpolynomial
in n, but here we show that g(n, p, p− 1) = n− 1. A natural problem is to find the threshold
for linear g(n, p, q), i.e., the smallest q such that g(n, p, q) is linear in n. We were not able to
solve this problem, but in light of Theorems 1.8, 1.10 and 1.13, we conjecture the following.
Conjecture 8.1. For any constant c ≥ 2, there exists a p0 such that for all integers p ≥ p0
and k ≥ p− c, we have gkp−c(p) = k + c. (Equivalently, for any constant c′ ≥ 1, there exists a
p0 such that for all integers p ≥ p0 and n ≥ p, we have g(n, p, p − c′) = n− c′.)
Theorems 1.9 and 1.12 imply that g(n, p, ⌊√p− 1⌋) and g(n, p, ⌊log2(p − 1)⌋ + 1) are at
most O(n1/2) and O(log n), respectively. Another natural problem is to find the smallest
q such that g(n, p, q) = O(nc) for some constant 0 < c < 1, and the largest q such that
g(n, p, q) = O(log n).
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[14] P. Erdős, A. Simonovits and V.T. Sós, Anti-Ramsey theorems, in: Infnite and Finite
Sets (A. Hajnal, R. Rado, V.T. Sós eds.), Colloq. Math. Soc. J. Bolyai, North-Holland,
(1975), 633–643.
[15] J. Fox, A. Grinshpun and J. Pach, The Erdős-Hajnal conjecture for rainbow triangles,
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[20] A. Gyárfás and G. Simonyi, Edge colorings of complete graphs without tricolored trian-
gles, J. Graph Theory 46 (2004), 211–216.
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Appendix
A Proof of g43(6) = 8
We first show that g43(6) > 7 by construction. Taking a copy ofK7 with vertex set U∪{x, y, z},
where U = {u, v, w, s}, we color the edges such that c(uv) = c(vw) = c(ws) = 1, c(vs) =
c(su) = c(uw) = 2, c(x,U) = c(U, z) = c(zy) = 3 and c(U, y) = c(yx) = c(xz) = 4. It is easy
to check that the resulting coloring is a Gallai-4-coloring of K7 without a 3-colored K6.
Next we prove that g43(6) ≤ 8. For a contradiction, suppose that G is a Gallai-4-colored
K8 containing no 3-colored K6 and V (G) = {u1, u2, . . . , u8}. For the proof of Claim A.1
below, we will use König’s Theorem [21] which states that the size of a minimum covering
is the same as the size of a maximum matching in a bipartite graph, where a covering of a
graph F is a subset V ⊆ V (F ) such that every edge of F has at least one end in V .
Claim A.1. There is no vertex u ∈ V (G) such that |C(u, V (G− u))| = 1.
Proof. Suppose that there exists a vertex u ∈ V (G) such that |C(u, V (G − u))| = 1, say
c(u8, V (G−u8)) = 1. Let F be the spanning subgraph of G−u8 consisting of all the edges in
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color 1. Let S ⊆ V (G−u8) be a minimum covering of F and T = V (F )\S = V (G)\(S∪{u8}).
In order to avoid a 3-colored K6, we have |S| ≥ 2.
We next show that F is a bipartite graph. First, F contains no C3; otherwise G contains a
monochromatic K4 in color 1, so there is a 3-colored K6 by Lemma 2.3. Second, suppose that
W is a copy of C5 in F . It is easy to check that |C(V (W ))∩ {2, 3, 4}| ≤ 2 in order to avoid a
rainbow triangle, so W ∪{u8} forms a 3-colored K6, a contradiction. Thus F contains no C5.
Finally, suppose that F contains a copy of C7, say u1u2 · · · u7u1. Since F contains no C3, we
may assume that c(u1u3) = 2 without loss of generality. In order to avoid a rainbow triangle
in G or a C5 in F , we have c(u1u4) = 2. Then c(u2u4) = 2 in order to avoid a rainbow triangle
in G or a C3 in F . Now {u8, u1, u2, u3, u4} forms a 2-colored K5. By Lemma 2.3, there is a
3-colored K6 in G. This contradiction implies that F contains no odd cycle and thus F is a
bipartite graph.
Since F is bipartite, we have |S| ≤ ⌊|V (G− u8)| /2⌋ = 3. If |S| = 3, then |T | = 4, say
S = {u1, u2, u3} and T = {u4, u5, u6, u7}. By König’s Theorem, there is a matching of size
3 in F , i.e., G − u8 contains three pairwise nonadjacent edges in color 1. It is easy to check
that these three edges must appear between S and T . Without loss of generality, we may
assume that c(u1u4) = c(u2u5) = c(u3u6) = 1. Note that 1 /∈ C(T ), so we may further assume
that C({u4, u5, u6}) ⊆ {2, 3}. Then C(S, {u4, u5, u6}) ⊆ {1, 2, 3} in order to avoid a rainbow
triangle. Now S forms a monochromatic K3 in color 4; otherwise there is a 3-colored K6 within
S ∪ {u8, u4, u5, u6}. Since G is a Gallai-coloring, it is easy to see that c(S, {u4, u5, u6}) = 1.
Then S ∪ {u8, u4, u5} forms a 3-colored K6, a contradiction. Therefore, we have |S| = 2 and
|T | = 5, say S = {u1, u2} and T = {u3, u4, . . . , u7}. Note that C(T ) ⊆ {2, 3, 4}, so there is
a 2-colored K4 within T by Theorem 1.8. Without loss of generality, we may assume that
C(U) ⊆ {2, 3}, where U = {u3, u4, u5, u6}. Moreover, we may assume that c(u1, u3) = 1 by
König’s Theorem. Then C(U∪{u1}) = {1, 2, 3} by Lemma 2.3, which implies that U∪{u8, u1}
forms a 3-colored K6, a contradiction.
Let V1, V2, . . . , Vm be a Gallai partition of V (G) such that m is minimum. If there is only
one color between these parts, then we assume that color 1 is this color, and if there are two
colors between these parts, then we assume that colors 1 and 2 are these two colors.
Claim A.2. m ≤ 3.
Proof. Suppose m ≥ 4. In order to avoid a 3-colored K6, the following statements hold: (1)
m = 4; (2) 1, 2 /∈ ⋃mi=1 C(Vi); (3) color 3 (resp., color 4) is used in exactly one of these parts;
(4) there is neither a 2-colored K5 nor a monochromatic K3 within each part. Thus we have
∑m
i=1 |Vi| ≤ max{4 + 1 + 1 + 1, 2 + 2 + 1 + 1} = 7 < |V (G)|, a contradiction.
By Claim A.2 and the minimality ofm, we havem = 2. Note that at most one of 1 ∈ C(V1)
and 1 ∈ C(V2) holds; otherwise G contains a monochromatic K4 and thus G contains a 3-
colored K6 by Lemma 2.3. First, we consider the case that 1 /∈ C(V1) and 1 /∈ C(V2), i.e.,
C(Vi) ⊆ {2, 3, 4} for i ∈ [2]. In this case, we have |V1| ≤ 5 and |V2| ≤ 5, so |V1| ≥ 3 and
|V2| ≥ 3. We claim that there is no 2-colored K4 within each Vi for i ∈ [2]. Indeed, if there
is a 2-colored copy K of K4 in some Vi, say i = 1 and C(K) ⊆ {2, 3}, then C(V2) = {4} in
order to avoid a 3-colored K6. If |V2| = 4, then it is easy to find a 3-colored K6 in G. If
|V2| = 3, then |V1| = 5. Now G also contains a 3-colored K6 no matter whether 4 ∈ C(V1)
or 4 /∈ C(V1). Hence, there is no 2-colored K4 within each Vi for i ∈ [2]. By Theorem 1.8,
we have g32(4) = 5, so |Vi| ≤ 4 for i ∈ [2], which implies that |V1| = |V2| = 4 and moreover,
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C(V1) = C(V2) = {2, 3, 4}. For any two distinct colors c1, c2 ∈ {2, 3, 4}, we say that c1 and c2
are adjacent if there are two adjacent edges e and f such that c(e) = c1 and c(f) = c2. Note
that if c1 and c2 are adjacent, then there is a 2-colored K3 with colors c1 and c2. Without
loss of generality, we may assume that colors 2 and 3 are adjacent in G[V1]. Then colors 2
and 3 are nonadjacent in G[V2], and thus color 4 is adjacent to both color 2 and color 3 in
G[V2]. But then color 4 is adjacent to neither color 2 nor color 3 in G[V1], a contradiction.
Finally, we consider the case that exactly one of 1 ∈ C(V1) and 1 ∈ C(V2) holds, say
1 ∈ C(V1) and 1 /∈ C(V2).
Claim A.3. The following statements hold:
(1) there is no monochromatic K3 in color 1 within V1;
(2) C(V1) ∩ C(V2) = ∅.
Proof. If (1) does not hold, then G contains a monochromatic K4. By Lemma 2.3, there is a 3-
coloredK6. This contradiction proves (1). We next prove (2). Suppose that C(V1)∩C(V2) 6= ∅,
say 2 ∈ C(V1)∩C(V2). If colors 1 and 2 are adjacent in G[V1], then G contains a 2-colored K5.
By Lemma 2.3, there is a 3-colored K6, a contradiction. Thus colors 1 and 2 are nonadjacent
in G[V1], and we may assume that u1, u2, u3, u4 ∈ V1 such that c(u1u2) = 1, c(u3u4) = 2 and
1, 2 /∈ C({u1, u2}, {u3, u4}). Since G is a Gallai-coloring, we have |C({u1, u2}, {u3, u4})| = 1.
Assume that u5u6 is an edge with color 2 in G[V2]. Then {u1, u2, . . . , u6} forms a 3-colored
K6, a contradiction. This completes the proof of (2).
In order to avoid a 3-colored K6, we have |V2| ≤ 5, so |V1| ≥ 3. Then |C(V1)| ≥ 2 by
Claim A.3 (1). If |C(V1)| = 2, then |C(V2)| = 2 by Claim A.3 (2). In this case, we have
|V1| ≤ 3 (resp., |V2| ≤ 4) in order to avoid a 3-colored K6. Then |V1|+ |V2| ≤ 3 + 4 < |V (G)|,
a contradiction. If |C(V1)| = 3, then |C(V2)| = 1 by Claim A.3 (2). In this case, we have
|V1| ≤ 4 (resp., |V2| ≤ 3) in order to avoid a 3-colored K6. Then |V1|+ |V2| ≤ 4 + 3 < |V (G)|,
a contradiction. If |C(V1)| = 4, then |C(V2)| = 0 by Claim A.3 (2). In this case, we have
|V2| = 1, contradicting to Claim A.1. This contradiction completes the proof.
B Proof of g53(6) = 10
We first show that g53(6) > 9 by construction. Taking a copy of K9 with vertex set U ∪ V ∪
{x, y}, where U = {r, s, t} and V = {u, v, w, z}, we color the edges such that c({x, y}, U∪V ) =
1, c(xy) = c({u, z}, {v,w}) = 2, c(rs) = c(st) = c(vw) = 3, c(rt) = c(uz) = 4 and c(U, V ) = 5.
Let G′ be the resulting coloring. It is easy to check that G′ is a Gallai-coloring. Moreover,
for any two distinct colors i, j ∈ [5], we need to delete at least four vertices such that there is
neither color i nor color j on edges of the remaining graph. Thus G′ is a Gallai-5-coloring of
K9 without a 3-colored K6.
Next we prove that g53(6) ≤ 10. For a contradiction, suppose that G is a Gallai-5-colored
K10 containing no 3-colored K6 and V (G) = {u1, u2, . . . , u10}. Let V1, V2, . . . , Vm be a Gallai
partition of V (G) such that m is minimum. If there is only one color between these parts,
then we assume that color 1 is this color, and if there are two colors between these parts, then
we assume that colors 1 and 2 are these two colors.
If m ≥ 4, then in order to avoid a 3-colored K6, the following statements hold: (1) m = 4;
(2) 1, 2 /∈ ⋃mi=1 C(Vi); (3) for each i ∈ {3, 4, 5}, color i is used in exactly one of these parts;
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(4) there is neither a 2-colored K5 nor a monochromatic K3 within each part. Thus we have
∑m
i=1 |Vi| ≤ max{5 + 3 · 1, 4 + 2 + 2 · 1, 2 + 2 + 2 + 1} = 8 < |V (G)|, a contradiction. Hence,
2 ≤ m ≤ 3. By the minimality of m, we have m = 2. Note that at most one of 1 ∈ C(V1) and
1 ∈ C(V2) holds; otherwise G contains a monochromatic K4 and thus G contains a 3-colored
K6 by Lemma 2.3. We divide the rest of the proof into two cases.
Case 1. 1 /∈ C(V1) and 1 /∈ C(V2).
In this case, we have C(Vi) ⊆ {2, 3, 4, 5} for i ∈ [2]. Since g43(6) = 8, we have |Vi| ≤ 7 and
thus |Vi| ≥ 3 for i ∈ [2]. We claim that there is no 2-colored K4 within each Vi for i ∈ [2].
Indeed, if there is a 2-colored copy K of K4 in some Vi, say i = 1 and C(K) ⊆ {2, 3}, then
C(V2) ⊆ {4, 5} in order to avoid a 3-colored K6, and thus |V2| ≤ 4 for the same reason. If
|V2| = 4, then 4, 5 /∈ C(V1), which implies that G[V1] is a 2-colored K6, a contradiction. If
|V2| = 3, then |V1| = 7. In order to avoid a 3-colored K6, we have C(V1) = {2, 3, 4, 5}, colors
4 and 5 are nonadjacent in G[V1], and G[V1] contains no monochromatic K3 in color 4 or 5.
If G[V1] contains a monochromatic 2K2 in color 4 and a monochromatic 2K2 in color 5, then
|V1| ≥ 8, a contradiction. Thus we may assume that G[V1] contains no monochromatic 2K2
in color 4. Then there is a vertex u ∈ V1 such that G[V1 \ {u}] contains no edge in color 4,
which implies that G[V1 \{u}] is a 3-colored K6, a contradiction. Hence, there is no 2-colored
K4 within each Vi for i ∈ [2].
By Theorem 1.8, we have g42(4) = 6, so |Vi| ≤ 5 for i ∈ [2], which implies that |V1| = |V2| =
5 and moreover, C(V1) = C(V2) = {2, 3, 4, 5} since g32(4) = 5. Without loss of generality, we
may assume that colors 2 and 3 are adjacent in G[V1]. Recall that if two distinct colors c1
and c2 are adjacent, then there is a 2-colored K3 with colors c1 and c2. Then colors 2 and 3
are nonadjacent in G[V2]. We may assume that u1, u2, u3, u4 ∈ V2 such that c(u1u2) = 2 and
c(u3u4) = 3. Then C({u1, u2}, {u3, u4}) ⊆ {4, 5}. In order to avoid a rainbow triangle, there
is exactly one color on the edges between {u1, u2} and {u3, u4}, say color 4. Then color 4 is
adjacent to neither color 2 nor color 3 in G[V1], so color 4 is adjacent to color 5 in G[V1]. Since
|V2| = 5 and G[V2] contains a monochromatic K2,2 in color 4, we have that colors 4 and 5 are
adjacent in G[V2]. Then G contains a 3-colored K6 with colors 1, 4 and 5, a contradiction.
Case 2. Exactly one of 1 ∈ C(V1) and 1 ∈ C(V2) holds.
Without loss of generality, we may assume that 1 ∈ C(V1) and 1 /∈ C(V2). By the same
argument as in the proof of Claim A.3, we have C(V1)∩C(V2) = ∅. Thus |C(V1)|+|C(V2)| = 5.
In order to avoid a 3-colored K6 and since g
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2 + 7, if |C(V1)| = 1 and |C(V2)| = 4,
3 + 5, if |C(V1)| = 2 and |C(V2)| = 3,
4 + 4, if |C(V1)| = 3 and |C(V2)| = 2,
6 + 2, if |C(V1)| = 4 and |C(V2)| = 1,
contradicting the fact that |V (G)| = 10. Thus it suffices to consider the case |C(V1)| = 5 and
|C(V2)| = 0. In this case, we have |V2| = 1, say V2 = {u10}. Let F be the spanning subgraph
of G[V1] consisting of all the edges in color 1. Let S ⊆ V1 be a minimum covering of F and
T = V1 \ S. Note that C(T ) ⊆ {2, 3, 4, 5}. Since g43(6) = 8, we have |T | ≤ 7 and thus |S| ≥ 2.
We next show that F is a bipartite graph. By similar arguments as in the proof of Claim
A.1, there is no Cℓ in F for ℓ ∈ {3, 5, 7}. We now show that F contains no C9. Suppose for a
contradiction that u1u2 · · · u9u1 is a cycle in F . Since F contains no C3, we may assume that
c(u1u3) = 2 without loss of generality. In order to avoid a rainbow triangle in G or a C7 in F ,
23
we have c(u1u4) = 2. Then c(u2u4) = 2 in order to avoid a rainbow triangle in G or a C3 in
F . Now {u10, u1, u2, u3, u4} forms a 2-colored K5. By Lemma 2.3, there is a 3-colored K6 in
G. This contradiction implies that F contains no odd cycle and thus F is a bipartite graph.
Since F is bipartite, we have |S| ≤ ⌊|V1| /2⌋ = 4.
Claim B.1. |S| = 2 and |T | = 7.
Proof. If |S| = 3 and |T | = 6 (resp., |S| = 4 and |T | = 5), then F contains a matching of size
3 (resp., 4) by König’s Theorem. It is easy to check that this matching must appear between
S and T . Without loss of generality, let u1, u2, u3 ∈ S, u4, u5, . . . , u8 ∈ T , and c(u1u4) =
c(u2u5) = c(u3u6) = 1. Note that 1 /∈ C(T ), so we may further assume that C({u4, u5, u6}) ⊆
{2, 3}. Then C({u1, u2, u3}, {u4, u5, u6}) ⊆ {1, 2, 3} in order to avoid a rainbow triangle. Now
1, 2, 3 /∈ C({u1, u2, u3}); otherwise there is a 3-colored K6 in G[{u1, u2, . . . , u6, u10}]. Thus
C({u1, u2, u3}) ⊆ {4, 5}. Then c({u1, u2, u3}, {u4, u5, u6}) = 1 in order to avoid a rainbow
triangle. Note that 1 /∈ C(T ). If C(u7, {u4, u5, u6}) ∩ {4, 5} 6= ∅, say c(u7u4) = 4, then
C(u7, {u1, u2, u3}) ⊆ {1, 4}, which implies that {u1, u2, u3, u4, u7, u10} forms a 3-colored K6,
a contradiction. Thus C(u7, {u4, u5, u6}) ⊆ {2, 3}. Then c(u1u7) ∈ {1, 2, 3}, which implies
that {u1, u4, u5, u6, u7, u10} forms a 3-colored K6, a contradiction.
By Claim B.1 and König’s Theorem, we may assume that S = {u1, u2}, T = {u3, u4, . . . ,
u9} and c(u1u3) = c(u2u4) = 1 without loss of generality. Since 1 /∈ C(T ), we may further
assume that c(u3u4) = 2. Then c(u1u4), c(u2u3) ∈ {1, 2}, so c(u1u2) /∈ {1, 2}; otherwise
{u1, u2, u3, u4, u10} forms a 2-colored K5 and thus G contains a 3-colored K6 by Lemma 2.3.
Without loss of generality, let c(u1u2) = 3. Then c(u1u4) = c(u2u3) = 1 in order to avoid a
rainbow triangle.
Claim B.2. For any vertex u ∈ T \ {u3, u4}, we have 4 ∈ C(u, {u3, u4}) ⊆ {2, 4} or 5 ∈
C(u, {u3, u4}) ⊆ {2, 5}.
Proof. First, we have 3 /∈ C(u, {u3, u4}); otherwise it is easy to check that C({u, u1, u2, u3, u4,
u10}) = {1, 2, 3} in order to avoid a rainbow triangle, which is a contradiction. Second,
we have C(u, {u3, u4}) ∩ {4, 5} 6= ∅; otherwise if c(uu3) = c(uu4) = 2, then we also have
C({u, u1, u2, u3, u4, u10}) = {1, 2, 3}. This contradiction completes the proof of Claim B.2.
By Claim B.2 and the pigeonhole principle, we may assume that 4 ∈ C(ui, {u3, u4}) ⊆
{2, 4} for i ∈ {5, 6, 7}.
Claim B.3. For each i ∈ {5, 6, 7}, we have c(ui, {u3, u4}) = 4.
Proof. For a contradiction, suppose that C(ui, {u3, u4}) = {2, 4} for some i ∈ {5, 6, 7},
say c(u5u3) = 2 and c(u5u4) = 4. Then c(u1u5) = c(u2u5) = 1. If c(u6u3) = 4, then
C(u6, {u1, u4, u5}) ⊆ {1, 2, 4}, which implies that G[{u1, u3, u4, u5, u6, u10}] is a 3-colored
K6, a contradiction. Thus c(u6u3) = 2, so c(u6u4) = 4 since 4 ∈ C(u6, {u3, u4}). By
symmetry, we have c(u7u3) = 2 and c(u7u4) = 4. Then c({u1, u2}, {u6, u7}) = 1. If
C({u5, u6, u7}) ∩ {2, 4} 6= ∅, then G[u10, u1, u3, u4, . . . , u7] contains a 3-colored K6, a con-
tradiction. Thus C({u5, u6, u7}) ⊆ {3, 5}. Then G[{u10, u1, u2, u5, u6, u7}] is a 3-colored K6,
a contradiction.
By Claim B.3, we have c({u5, u6, u7}, {u3, u4}) = 4. In order to avoid a rainbow tri-
angle, we have C({u1, u2}, {u5, u6, u7}) ⊆ {1, 4}. If C({u5, u6, u7}) ∩ {2, 4} 6= ∅ (resp.,
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3 ∈ C({u5, u6, u7})), then G[u10, u1, u3, u4, . . . , u7] (resp., G[u10, u1, u2, u4, u5, u6, u7]) contains
a 3-colored K6, a contradiction. Thus c({u5, u6, u7}) = 5. Then G[{u10, u1, u4, u5, u6, u7}] is
a 3-colored K6. This contradiction completes the proof.
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